The formulation of a plate finite element with so called 'physical' shape functions is revisited. The derivation of the 'physical' shape functions is based on Hencky-Bollé theory of moderately thick plates. The considered finite element was assessed in the past, and the tests showed that the solution convergence was achieved in a wide range of thickness to in-plane dimensions ratios. In this paper a holistic correctness assessment is presented, which covers three criteria: the ellipticity, the consistency and the inf-sup conditions. Fulfilment of these criteria assures the existence of a unique solution, and a stable and optimal convergence to the correct solution. The algorithms of the numerical tests for each test case are presented and the tests are performed for the considered formulation. In result it is concluded that the finite element formulation passes every test and therefore is a good choice for modeling plate structural elements regardless of their thickness.
INTRODUCTION
The development of new finite elements within beam, plate and shell theories is still a very important research topic [1, 2, 3, 4] . One of the most interesting finite element formulations is a rectangular plate finite element with physical shape functions proposed in [5] . The concept of physical shape functions assumes their dependence on the material properties and the geometrical characteristics of the element. These shape functions have a physical interpretation, i.e. they represent displacements and rotations due to imposed unit nodal displacements. The authors of [6] 1 Prof., DSc., PhD., Eng., Warsaw University of Technology, Faculty of Civil Engineering, Al. Armii Ludowej 16, 00-637 Warsaw, Poland, e-mail: w.gilewski@il.pw.edu.pl performed a series of numerical tests and presented results that prove an excellent convergence of the formulation regardless of the element thickness. However, there is no formal assessment of the formulation's correctness to be found in literature. The unconventional approach used in this formulation is difficult to evaluate by means of typically employed criteria.
In this paper the correctness of the finite element formulation is examined using three criteria: ellipticity, consistency and inf-sup. If these conditions are satisfied, then: a) a unique solution exists, b) the solution converges to the exact one with optimal convergence, and c) the formulation is stable. This set of criteria was first proposed in [7] for mixed formulations, but it can be successfully used for a displacement formulation, as it was shown in [2, 8] . The verification of the ellipticity condition consists of an analysis of eigenvalues of a stiffness matrix of a single unsupported finite element. It is required that the matrix is non-negatively defined, and the eigenvectors corresponding to the calculated eigenvalues represent the correct energy modes, without additional zero-energy modes. If the condition is met, the existence of a unique solution is guaranteed. The convergence of a finite element solution is assured when the consistency condition is met [9] . Various quantities, such as internal energy stored in an element, can be taken as the convergence measure. Based on this assumption an energy criterion for consistency was proposed in [1] . Satisfaction of the inf-sup condition, which was described in detail in [10, 11] , guarantees stability of the formulation independently of the finite element mesh used. It also assures an optimal order of the solution convergence. This condition is frequently used by various authors [12, 13, 14, 15] . The inf-sup condition should be verified in several well-chosen test cases. Plate elements tend to show parasitic states in bending-dominated problems, as showed in literature [16, 17, 18, 19, 20] , therefore this type of benchmarks is presented in this paper.
FORMULATION OF THE PLATE FINITE ELEMENT WITH PHYSICAL SHAPE

FUNCTIONS
Let us consider a rectangular plate finite element with a formulation based on the Hencky-Bollé theory [21, 22, 23] for moderately thick plates in a Cartesian system of coordinates x, y. The inplane dimensions of the element are 2a by 2b and the thickness is h. A dimensionless coordinate system with the origin in the center of the finite element is introduced (2) where i w -vertical displacement, xi I -rotation angle along x axis, yi I -rotation angle along y axis. Figure 1 shows the geometry of the finite element and the adopted local coordinate system along with nodal degrees of freedom. The considered nonstandard finite element formulation with physical shape functions is based on the idea that the shape functions have a physical interpretation. The shape functions are solutions of the displacement equilibrium equations of a Hencky-Bollé plate strips with unit boundary conditions. The derivation is presented in [5, 6] .
The shape function matrix N is expressed as > @, 
where for isotropic material 
VERIFICATION OF THE FORMULATION
ELLIPTICITY CONDITION
It can be shown that verification of the ellipticity condition for a finite element is equal to performing a spectral analysis of a stiffness matrix of an unsupported finite element [9] . The eigenvalue problem considered here is 0
The ellipticity condition states that matrix K e is required to be non-negatively defined. There should be as many zero eigenvalues as rigid motions in the theory. The remaining eigenvalues are required to be positive. Eigenvectors corresponding to zero eigenvalues should reproduce rigid motions, and those corresponding to positive eigenvalues should represent nonzero deformation states. If the ellipticity condition is not met, then the existence of a finite element solution cannot be guaranteed.
The considered finite element formulation is based on a moderately thick plate theory, but it should also give good results when used in modeling thin plates. 
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As presented in Table 1 , the three lowest eigenvalues are several orders of magnitude smaller than the remaining ones, which makes it possible to assume that they are of zero value. The eigenvectors associated with zero-value eigenvalues correspond to rigid body motions. The positive eigenvalues and corresponding eigenvectors are consistent with various states of plate deformation.
The above analysis shows that the considered finite element formulation complies with the ellipticity condition for a wide range of thicknesses.
CONSISTENCY CONDITION
One of the forms of the consistency condition is the energy criterion. It is based on the following reasoning [1, 9] . The internal energy density s Ẽ can be represented in a differential form. In the FEM, this energy density can be written as a bilinear form (10) with differential operators in the form 
INF-SUP CONDITION
THE NUMERICAL PROCEDURE
The satisfaction of the inf-sup condition by a finite element formulation implies a monotonic and optimal convergence in bending-dominated problems. In formulations that conform to the criterion no parasitic states are observed even for very thin plates. As it is very difficult to verify this condition analytically, a numerical procedure was developed.
The algorithm of the numerical test is as follows. In each test case a sequence of several (usually up to four) finite element meshes with decreasing element size is chosen. For every k (k=1,2,…,n) discretization in the sequence, an equation components of displacements and their first derivatives, therefore the H 1 norm should be used. In the paper [19] the authors proposed a simplification, which assumed that L 2 norm can be used instead, as the solutions in both cases don't exhibit any qualitative differences. Due to the fact that the norm matrix corresponding to L 2 norm conforms to the mass matrix of an element with unit mass density, the eigenproblem considered is transformed into a simple frequency analysis.
The satisfaction of the inf-sup condition by the finite element formulation is analyzed with consideration of various cases. We study the influence of different boundary conditions, and two types of norm matrices k S (corresponding to H 1 and L 2 norms accordingly) on the inf-sup test results.
The computations are performed in ABAQUS/Standard software with the use of the user element subroutine, which makes it possible to include own finite element formulations. The finite element stiffness matrix and the norm matrices are coded in FORTRAN programming language in a separate file with a structure required by the software. The subroutine is called by an input file, in which the problem geometry, boundary conditions and other simulation parameters are defined.
THE NORM MATRICES
The L 2 norm for the plate finite element is expressed as following (14) where N are displacement shape functions.
It was shown in [24, 25] that matrix S0 is positive definite, which allows us to use standard FEM procedures to solve the eigenproblem. If we take 12 ,
, then the entries of the matrix
are as follows , 
The norm matrix S01 based on displacements and their derivatives is also positive definite. The elements of the matrix are of substantial size, therefore they are not presented in the paper.
THE TEST CASES
The benchmark cases chosen to test the considered finite element are square plates with the following boundary conditions: (a) clamped on one edge, (b) clamped on all edges and (c) simply supported on all edges. In the paper [18] the author analyzed these cases in order to establish the percentage of bending part in total energy. The study showed that in the cantilever and simply supported plate cases the bending energy prevails for the entire considered range, h/2a (0, 0.5].
For the clamped plate case the bending part is higher than 50% up to h/2a=0.31. The plate finite element satisfies the inf-sup condition in every test case when the full stiffness matrix is used, along with both norm matrices S0 and S01. The plots are almost flat in the considered range of the h/2a aspect ratio, which shows that the solution is stable and independent from the mesh density.
CONCLUDING REMARKS
The plate finite element with physical shape functions satisfies: ellipticity, consistency and inf-sup conditions, which means that its formulation is correct. Fulfillment of the ellipticity condition guarantees existence and uniqueness of FEM solution. When consistency and inf-sup conditions are met, it implies that the convergence of the finite element solution to the exact one is monotonic. The finite element considered in this paper is free from locking, and no additional zero-energy states are present when element thickness tends to zero.
To conclude, the finite element is theoretically correct. Numerical results presented in [6] are then confirmed by the theoretical analysis. Fig. 1 . The considered plate element.
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